Practical methods to enable control of turbulent flows in a closed-loop sense are developed with a direct application in this case to flow separation control over an airfoil. The tools used to reduce the dimension and complexity of the problems are based on the Proper Orthogonal Decomposition (POD) and on measurement algorithms derived from the Linear Stochastic Estimation (LSE). Significant progress has been made in the measurement techniques that enable a practical estimation of an entire velocity field from surface pressure measurements. This in turn, permits a more accurate representation of the system when developing dynamical systems based on experimental data. The ultimate goal is to derive a plant that accurately represents the flow dynamics and that contains an actuation input explicitly.
I. Controller Development
T he work presented here focuses on the experimental development of a low-dimensional plant of the flow over a NACA-4412 airfoil to be used for the implementation of a canonical controller on the flow. A simple proportional feedback control was demonstrated by Glauser et al.(2004) 7 using low-dimensional techniques to represent the flow field over this airfoil, such as the Proper Orthogonal Decomposition (POD) and the modified Linear Stochastic Measurements (mLSM) and has validated the use of such tools for separation control, more details will be found in Ausseur et al. (2006) 2 
Aubry et al.(1988)
3 derived an accurate reduced-order model (ROM) of the tubulent mechanisms in a wall bounded flow using the POD and a Galerkin projection of the Navier-Stokes equations. Ukeiley et al. (2001) 4 then utilized the POD to model a simple low-dimensional dynamical system able to predict the temporal dynamics of the larger structures in a turbulent plane mixing-layer. Following the same idea, Ricaud (2003) 5 obtained a set of non-linear ordinary differential equations (ODE) describing the evolution of the flow field but computing the coefficients of the ODEs using sets of experimental data or 'learning samples'. The evolution equation of the POD coefficient a m (t) is a cubic equation and using Einsteinian notation is given by: da m dt = L mn a n + Q mnp a n a p + C mnpq a n a p a q
Ausseur & Pinier (2005) 6 have presented results of the dynamical system above using a learning sample of uncontrolled incipiently separating flow over the NACA-4412 airfoil. They show the effectiveness of this method even in such a complex flow by comparing an original signal with the one predicted with the dynamical system. Note that the above dynamical system does not include actuation terms thus can only be used to study the dynamics of the turbulent flow and predict its behavior. The application of a controller to the flow separation problem requires that the control input be represented explicitly in the ROM, therefore a velocity decomposition different from the Reynolds decomposition will be used here, as given by Carlson (2004) 8 :
where ζ(t)ȗ i ( x) represents the effect of the surface jet and is obtained through PIV measurements. This decomposition is derived for an airfoil at constant angle of attack (AoA). The ROM of the flow now includes the actuation input:
Another requirement for the application of a canonical controller is that the model be linear, therefore the higher order terms will be excluded in a first step:
The experiment is currently being carried out both for a constant AoA and for a pitching airfoil in which case the velocity decomposition and ROM expression are different than presented above. The computational part of this effort was performed by Henry Carlson at Clear Science Corporation. The airfoil model is also a NACA-4412 but the Reynolds number is significantly lower (Re=1000) which leads to major differences in the state of the flow between experiment (turbulent flow) and computations (laminar flow) but the controller development through dynamical systems analysis remains very similar in both cases. In the computational case, the surface jet was located on the pressure side of the airfoil at the tail. The vortex shedding period with no jet is T N = 10.908. The jet frequency is prescribed as four times the shedding frequency: ω F = 4ω N . The ROM is constructed with four POD basis functions. Figure 1 shows the reconstruction using the 'moments' method described in Equation 1. The results are very encouraging as to the effectiveness of this method in acquiring a experimental prediction capability. The experiments on the NACA-4412 airfoil were conducted in the Syracuse University subsonic windtunnel. The airfoil has a constant 20.3 cm cord and a 60 cm span, thus covering the entire height of the test section. The actuators used to control the flow consist of 14 synthetic jets located near the leading edge of the airfoil. See Figure 2 for a view of the sensor and actuator placement. Velocity and pressure correlations for the POD and mLSM are accomplished by sampling pressure and taking PIV measurements simultaneously at a mid-span plane where the flow is assumed to be two-dimensional in the mean. The free-stream velocity is 10 m/s, corresponding to a Reynolds number of 135,000 based on cord length. The full setup of the system is designed to allow dynamical pitching of the airfoil with the use of a micro-stepping motor controllable in speed and position. See Figure 3 for a view of the experimental setup. More details on the setup can be found in Glauser et al. (2004) .
II. Experimental Setup
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III. Low-Dimensional Analysis
A. The 'Classical' POD The 'classical' Proper Orthogonal Decomposition (Lumley (1967) 1 ) has been applied to the fluctuating velocity field by Ausseur & Pinier (2005) 6 to get a low-dimensional picture of the events taking place in the separating region of the airfoil. In that previous setup, the 3C-PIV window had a lower resolution and smaller size to capture only the separating region of the flow. The new PIV window and resolution led us to use the 'snapshot' POD described in the next paragraph. Glauser et al.(2004 b ) 7 showed that POD was an effective tool for extracting the most energetic features in the flow and furthermore the low-dimensional expansion coefficient estimated for all times through the mLSM technique was a good candidate for closedloop flow control since only the most energetic part of the flow is captured. The POD maximizes the energy content of the flow in an orthonormal basis of functions solution of the following integral problem:
where R ij ( x, x ) is the ensemble averaged two-point spatial velocity correlation tensor, defined as:
where t o is a given PIV-snapshot time. We then can extract the time dependent (but not resolved) expansion coefficients describing the flow, by projecting the PIV velocities onto the eigenfunctions, as follows:
where u i ( x, t o ) is the velocity field at a given PIV-snapshot time.
The eigenfunctions φ (n)
i ( x) of equation 5 give the optimal basis in terms of energy, and are empirical eigenfunctions since they are derived from the ensemble of the observations. The Hilbert-Schmidt theory ensures that if the random field occurs over a finite domain, an infinite number of orthonormal solutions can be used to express the original random velocity field, u i , therefore we can then partially or totally reconstruct the original velocity field by projecting a n (t o ) onto the eigenfunctions:
where N is the number of modes with which we wish to reconstruct the velocity field. If N is ∞ the velocity field is totally and exactly reconstructed. N can be set to a finite number to result in a low-dimensional reconstruction of the flow field. Through the POD, most of the flow's kinetic energy can be captured in a small number of modes relative to the total number of modes, enabling an accurate representation of the larger 'coherent' structures. The finer resolution and large window provided by the two-window 2C-PIV, as seen in the previous results is important to capture the smaller eddies in the flow to prevent spatial aliasing. The new velocity map is here composed of N=16637 vectors with T=750 statistically independent snapshots for each case. In cases where the number of grid points is much greater than the number of snapshots, to reduce the dimension of the eigenvalue problem, it is more appropriate to use the 'snapshots' method of the POD introduced by Sirovich in 1987. 14 This method reduces the eigenvalue problem to the dimension of T instead of n c × N with the 'classical' POD method. In this case, the integral eigenvalue problem from equation 5 can be shown to be equivalent to:
where C(t,t') is now a temporal correlation tensor defined as:
and a n (t) are the temporal eigenfunctions. For reasons of consistency with the 'classical' POD, the latter are arbitrarily chosen to satisfy the following relation:
The spatial eigenfunctions φ (n) i ( x) must then be defined as:
so that they be orthonormal and verify: The low-dimensional velocity fields are then reconstructed by projecting the temporal eigenvectors a n (t) onto the spatial eigenvectors φ 17 to try and implement a simple closed-loop control using the first mode only to be fed back to the actuators. This method then showed to be effective 7 in at least representing the structures with the most energy in the flow but is only a first step towards more sophisticated experimental real-time control of a separating flow.
C. The modified Linear/Quadratic Stochastic Measurements (mLSM/mQSM)
The Linear Stochastic Estimation (LSE) was proposed by Adrian in 1975. 9 He recognized that the statistical information contained within the two-point correlation tensor, R ij , could be combined with instantaneous information to form a technique for estimating the flow field. Cole et al. (1991) 10 demonstrated this in the axisymmetric jet shear layer where they successfully estimated the velocity radially across the jet shear layer using information from only a few radial locations. Bonnet et al. (1994) 11 expanded on the work of Adrian and Cole et al. (1991) 10 to form the Complementary Technique which combines the POD and LSE to obtain the time dependent POD expansion coefficients from instantaneous velocity data on coarse hot wire grids. Taylor and Glauser (2002, 2004) 12 further expanded these methods and demonstrated how instantaneous wall pressure measurements could be used to construct an accurate representation of the instantaneous velocity field from wall pressure alone (i.e., the modified complementary technique or mLSE, now termed mLSM).
To be able to estimate the state of the flow above the NACA-4412 airfoil at all times from wall pressure alone, the mLSM was used by Ausseur & Pinier (2005) 6 and Glauser et al. (2004 b ). 7 This technique enables a direct measurement of the low dimensional expansion coefficientã n (t) of the flow from a reduced number of sensors located on the wing surface. For each POD mode n, we can describe the estimated POD expansion coefficient as a series expansion using the discrete instantaneous surface pressure measurements p i (t) at each streamwise position i on the airfoil surface:
This expansion can then be truncated above the linear term (mLSM) or the quadratic term (mQSM) to be able to estimate the expansion coefficient directly. To minimize the mean square error defined as,
we solve the following matrix problem for the linear and quadratic coefficients A ni and B njk for each mode n:
The expansion coefficient can then be estimated in real-time using the following simple matrix multiplications:ã 15 when utilizing wall pressure to estimate the boundary layer flow field, both linear and quadratic terms need to be kept to be able to estimate accurately the conditional event. Murray & Ukeiley (2002) 16 also showed with computational data that the quadratic estimation procedure was far more effective than the linear estimation when sensing surface pressure to estimate the flow field in a cavity. Here we present experimental results comparing reconstructions with the linear (mLSM) and quadratic (mQSM) techniques, therefore estimating here directly the expansion coefficient instead of estimating the velocity (LSE). It can be shown that the LSE/QSE and the mLSM/mQSM procedures are exactly equivalent but the latter are much faster computationally since many of the velocity correlations are already contained in the expansion coefficient and have been computed offline. Therefore, with the aim of real-time closed-loop control, the mLSM/mQSM will be preferred for its suitability to realtime computations at high loop rates. Figures 7 and 8 show respectively the linear (mLSM) and quadratic (mQSM) reconstructions of the fluctuating velocity field shown in Figure 9 . It is noticeable that the addition of the quadratic term enables a much better representation of the flow field and we are able to retrieve a greater part of the energy contained in the flow which will, in turn, improve the development of a model for the flow through training of the dynamical system as described in the first section.
IV. Conclusion
Developing a practical controller from experimental data is a somewhat challenging task but many issues seem to have been overcome. The use of the low-dimensional tools described in this paper is crucial especially in a turbulent separating flow. The spatial estimation of the flow velocities using surface pressure sensors has also shown to be very sensitive to higher order terms that improve greatly its potential for accurately representing the flow structures essential to flow control. The analytical work presented here in the effort of linking flow control to modern control theory is a necessary step for developing and implementing a controller of the flow based on the Navier-Stokes equations that includes the actuation input. The novel decomposition of velocity proposed here is a practical means of accomplishing this link. Further experimental work from the flow separation problem on the NACA-4412 using this decomposition will be performed to compare with the encouraging and effective computational findings.
